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1 Notes

In your EM lessons so far, we’ve only dealt with static situations (i.e. where E and B do not
change with time). Now, we seek to understand the interesting physics behind what happens
when we introduce time varying fields.

1.1 Induced Emf

We briefly talked about emf, €, in DC circuits. But what exactly is emf?

1.1.1 What is Emf?

The emf is formally defined as

5:§I§f-d1 (1)

where f is the force per unit charge. In this definition, f can be any type of force of arbitrary
origin (magnetic, electric etc).

Equation (1) alone already allows you to solve many problems! The example below illustrates
how to apply it.

Example 1.1. A metal disk of radius [ is parallel to the z — y plane. It rotates about its central
axis with a constant angular velocity w. There is a constant magnetic field B = B Z going
through the disk. The centre of the disk and the edge of the disk are connected by a resistor of
resistance R. Find the current flowing through the resistor.

B

To solve this, we just need to remember that

F
F=¢gvxB = f=—=vxB = |f|=vB
q

where the last equality follows as the velocity of the electrons in the plate, v, is perpendicular to
the magnetic field B.

Thus, applying Equation (1),

center l ! 2 2
5:¢f-d1:/ f-dl:/dez:/wBZdz:“Bl _ =& _wh
edge 0 0 2 R 2R

Hopefully everything made sense. However, you may be confused; why ¢ = IR and not V = [ R?

To resolve this, let’s look at a battery and how electric fields work in it.
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All contributions of f are either electrostatic or non-electrostatic:
€= %f -dl = yg (felectrostatic + fnon—electrostatic) -dl (2)

Recall that our usual electrostatic E field is conservative. (Remember that the electric potential
exists, which is why it is conservative!) This mathematically mandates that

%felectrostatic -dl=0 (3)

Hence, defining our points a and b at the two terminals of the battery (as per the diagram
above), Equation (2) simplifies into:

b
€= %fnon—electrostatic -dl = / fnon—electrostatic -dl (4)
a

However, recall the definition of the electric potential:

a b b
%4 (b) -V (a) = - / E-dl = / E-dl = / fnon—electrostatic -dl (5)
b a a

Comparing Equations (4) and (5), we see that V' = ¢, hence the potential difference and emf are
basically the same!

1.1.2 Faraday’s and Lenz’s Law

Faraday found that
dog
- 6
I (6)
Equation (6) is known as Faraday’s Law. This means that a changing magnetic flux through a
loop will cause an induced emf in it.

E =

Another important consequence is Lenz’s Law. It states that the direction of the induced
current will be such that it opposes the change that caused it. This is essentially COE, and
accounts for the negative sign in Equation (6).

Remark. Equation (6) is very versatile! The loop can even move around or expand in
size, and it still applies.

The example below illustrates how to apply it.
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Example 1.2. A rectangular metal loop with a very long length and a width h is partially
placed in a constant, uniform magnetic field B pointing into the page. A resistor R is part of this
loop. Let the distance = be indicated as per the figure below. (i) Verify that both Equations (1)
and (6) give the same expression for the induced emf. (ii) What is the direction of the induced
current?

wiee [oop

® Bin /

AI# —V

(i) Using Equation (1), we can perform a similar simplification as Example 1.1 to obtain
€= / vBdl = Bhv

Using Equation (6), noting that B is constant,

_d®s _ pdd g dr g
dt at hiqe =B

Hence, the results for e given by both Equations (1) and (6) agree, as expected.

(ii) The direction of the induced current should oppose the change that caused it. As the
magnetic flux into the page is decreasing, the induced current should increase the magnetic flux
into the page. By the right hand grip rule, it will hence be clockwise, as seen from above.
1.1.3 Induced Electric Fields

Let’s now consider a seemingly paradoxical situation.

Example 1.3. Consider moving a magnet into a circuit as shown below. As the magnet enters
the circuit, dﬁ% is non-zero, and hence ¢ is non-zero. But, what is the f in this case?

wiee [oop
® Bin /

/a— /ﬂ# 1)

The resolution to this is that f comes from the induced electric field! That is, changes in flux
will induce electric fields.

To be more exact, this is because Faraday’s Law is written as

dop
E.-dl=-"2
95 = (7)

Hence, comparing this with Equation (1) and Equation (6), you can see that f in this case is
just E (the induced electric field)!
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Equation (7) appears very strange. It appears that this directly contradicts Equation (3), since
the RHS is non-zero. This is because induced electric fields are actually non-conservative!
(We cannot assign a potential function to them.)

Now that you know about the induced electric field, let’s see how to apply this field to more
complex situations.

Example 1.4 (Griffiths). A line charge A is glued onto the rim of a wheel of radius b, which is
then suspended horizontally, as shown in the figure below, so that it is free to rotate (the spokes
are made of some nonconducting material). In the central region, out to radius a, there is a
uniform magnetic field By pointing upwards. Now, someone turns this field off. What happens
to the loop?

on
direction

E
D
Rotati dl T

A

Let’s first qualitatively reason what is happening. The changing magnetic field will induce a
tangential electric field, as per Equation (7). This induced electric field exerts a tangential force
on the charges along the rim, which causes a torque about the wheel’s central axis, and the
wheel starts to rotate.

According to Lenz’s Law, the wheel rotates in a direction such that the field generated re-
stores the upward flux. Hence, it will rotate in the anti-clockwise direction, as seen from above.

Applying Equation (7) to the loop at radius b,

o B 2dB
%E-dlZE(Qﬂ'b):—ddtB:—ﬂ'QZ(iit = E:_%%

The torque on a segment of length dl is hence

dr =bAEdl

Integrating over the whole loop, the total torque is

a’dB a’dB 5dB

Hence, the angular momentum imparted to the wheel is
0
L= /Tdt = —b/\7ra2/ dB = Ara*bBy
Bo

Interestingly, the angular momentum does not depend on the time you take to turn off the field.
This means that the final angular velocity of the wheel is the same, regardless!
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1.2 Inductance

We know that changing the current in a loop changes the magnetic field passing through it, and
hence the magnetic flux. This causes an emf in the loop itself. We can quantify how this works
using inductance, which is measured in henries (H).

1.2.1 Self-Inductance

Consider the Biot-Savart Law:
i HOI dl xr

E (8)

a 47 ’r
Let’s think about how quantities scale with respect to each other. Clearly, from Equation (8),

B ~ I, hence g ~ B ~ I. Assz—%,henceew%.

This suggests we may define a quantity L, called the inductance, such that

dl
= L— 9
€ " (9)

To calculate inductance, a very convenient formula is often used:

L
1

(10)
Remark. Inductance is a purely geometric property and hence does not depend on current!

It should only depend on quantities with length dimensions and pg. Also, when not specified,
inductance refers to self-inductance.

Example 1.5. Find the self-inductance of a long solenoid of N turns, radius r, length [ and

current [.
N tumns
W A
- A >

This is a direct application of Equation (10):

&g = NBrr? = Nr? (MONI> = poNmrT = ®p - M

] I L= I

As expected, apart from pg, the expression for L only depends on geometric properties (N, ,1).

1.2.2 Energy in Inductors

To oppose the back emf generated by an inductor, work must be done. This means that inductors
store energy!

We can derive the energy stored in an inductor by considering the power:

I dr 1
Po=(-e)I=Ly 1 = %Z/&&z/ﬂwdz/ﬂﬂzfﬁ (11)
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We can generalise this to volumes of space by introducing the magnetic energy density, up:

B2

uB = —
210

(12)

This implies that we can integrate over space to get the total magnetic energy:

Up = 2;0 {[f B*av (13)

Example 1.6. Using the set-up of Example 1.5, verify that the energy stored in the solenoid is
consistent between Equations (11) and (13).

Using Equation (11),
o N27T7“2I
21
Using Equation (13), since the field is uniform inside the entire volume of the solenoid,

1 B%v 1 NI\? N2rr?]
UZQMOIJIBQdV:%:%(MOZ ) (1) = B

1
U=-LI*=
2

Hence, the results for U given by both Equations (11) and (13) agree, as expected.
Remark. You may have some questions on how we approached the problem with Equation
(13). In particular, you may be wondering:

1. What about the magnetic field outside the solenoid?

2. Why did we not consider that the magnetic field at the end of the solenoid is half of that
at the centre?

Both of these can be resolved by knowing your assumptions — that the solenoid is long and ideal.
Try to resolve them yourself!
1.2.3 Mutual Inductance

When two (or more) coils are involved, mutual inductance effects should be considered (unless
otherwise stated). The premise for this is that changing the current in one coil will change the
magnetic flux contributed by that coil passing through another coil.

Let ®15 be the magnetic flux through coil 1 due to current through coil 2, and vice-versa
for ®91. Then, we can define mutual inductances Mo and Mo,y as such:

Mg = —=, My = —— (14)

Let the emf induced in coil 1 due to coil 2 be €12, and vice-versa for €2;. They are given by

dls d
= —Myo—= = — My — 15
€12 127 €21 23 (15)

It turns out that due to the reciprocity theorem or the Neumann formula, we have
M = My = Moy (16)

hence, the mutual inductance between a pair of coils does not depend on which coil is the one
causing the change in flux!


https://en.wikipedia.org/wiki/Reciprocity_(electromagnetism)
https://en.wikipedia.org/wiki/Inductance#Mutual_inductance
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Remark. You do not need to know how the proofs work; you just need to know that both
mutual inductances are the same between two coils.

Let’s see how to use mutual inductance with the example below.

Example 1.7 (Griffiths). A short solenoid (length [ and radius a, with n; turns per unit
length) lies on the axis of a very long solenoid (radius b, ny turns per unit length) as shown in
the figure below. Current I flows in the short solenoid. What is the mutual inductance?

L))

Since the inner solenoid is short, it’s field is very complicated. It is not as simple as B = pugnl
due to this. As such, if you wanted to integrate over each current loop and find the total flux
this way, you will be in for a lot of misery.

J
=

b

The easier way is to exploit the symmetry of mutual inductances. Look at the reverse sit-
uation: let current I flow in the long solenoid, and calculate the flux through the short one.

The field in the long solenoid is exactly what we know:
B = ponal
hence, the total flux through all the loops of the short solenoid is
Dgport = (nal) Bra? = pora’ninsll

This is the same flux that a current I in the short solenoid would have put through the long one.
Hence, the mutual inductance is

q)short

2
= a“ninsl
T HoT 1M2

M =

1.3 Ideas

Many tricky electromagnetism problems involve the use of the following ideas.

1.3.1 Superconductors

Superconductors are conductors that have been cooled down to extremely low temperatures.
This presents a few implications for them:

1. They have zero resistivity. (Just like regular conductors too.)

2. All the existing magnetic flux in them is forced out, regardless of what the initial conditions
are. If there is already a non-zero flux in a superconducting state, the flux will be conserved.
This is known as the Meissner effect.

3. All the current in a superconductor must be confined to its surface.
4. The normal component of the magnetic field must vainsh on a superconductor’s surface.

Let’s illustrate these rules with a few examples.


https://en.wikipedia.org/wiki/Meissner_effect
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Example 1.8 (200 More Puzzling Physics Problems). Two identical superconducting rings are
initially very far from each other. The current in the first is Iy, but there is no current in the
other. The rings are now slowly brought closer together. Find the current in the first ring when
the current in the second is I7.

The flux through each ring must be conserved since they are superconductors. Let the mutual
inductance be M and the self-inductances be L, and let the final current through the first ring
be Iy. Then, conserving flux through both rings,

Ring 1: IoL = Iy L+ 11 M

Ring 2: 0 =1yM + I L

These simultaneous equations can be solved to obtain I;. Rejecting the negative (unphysical)

root, we eventually obtain
s Io+ /13 + 41}
f =
2

Example 1.9 (Teo Kai Wen). Consider a long solenoid with N turns, radius R and length [.
The inductance of the solenoid is Lg. Then, a tiny superconducting ring of radius r < R and
inductance L, is brought in from infinity to the centre of the solenoid, along its axis. As a result,
the self-inductance of the solenoid changes by dLg. (i) Find the mutual inductance of the set-up.
(i) Find the ratio %=

i
Le
g N turny

Ls

(i) To calculate this, we have two options:

M — q)solenoid or M — q)ring
Iring Isolenoid

Clearly, the latter is much easier to compute, since finding the current in the superconductor
will be extremely painful. Hence, we have

2 #ONfsw) 2 9
M= (I)ring o Bsolenoid (7”' ) B ( l (Tma ) . woNTr
I solenoid I solenoid I solenoid l

(ii) The magnetic flux through the superconducting ring must be conserved. Since it was initially
at infinity, it initially had 0 flux, hence it must have 0 flux at the end too.

However, clearly, a solenoidal current will cause some flux to pass through the ring. This
means that there must be some induced current in the ring to oppose this flux, so that the net
flux is 0.
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Suppose this induced current is 7. Then,
q)ring =Ly
Also, by definition of mutual inductance,

(I)solenoid .
M=—— = A®yenoida = Mi

Iring
Hence, the new self-inductance is

(bsolenoid,new o Psolenoid — APsolenoid

Ls new — =
’ I solenoid I solenoid

Thus, the desired ratio, to first order, is

$ nlpnoir]_A¢ olenoid __ P olenoid
5LS — Ls,new — LS,Old — Isolenoid Isolenoid — _Aq)SOlenOid
Ly Ls,old M Polenoid
solenoid
o (/LoNﬂTQ ) Bsolenoid (71'7”2)
Mi M= 1 Ly pomrd
(I)solenoid (I)solenoid Bsolenoid (NT"Rz) LrR2l

1.3.2 Eddy Currents

Eddy currents are loops of induced current in conductors due to a changing magnetic flux
(usually caused by a changing magnetic field). These currents are usually undesirable since
power is dissipated, causing loss in efficiency through heating.

Consider a metal plate swinging in and out of a uniform magnetic field.

/-ﬁ\‘ﬂ[

=

The induced current will then further interact with the external magnetic field, causing a
retarding force on the plate. This damps the motion of the plate.

In many situations, eddy currents cannot be calculated analytically. However, in some very nice
and symmetric situations, you can find the current loops.

10
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2 Problems

Problems are arranged in roughly increasing difficulty.

Problem 2.1. A conducting rod PQ of length 60cm makes contact with the metal rails AB and
CD that are 50cm apart in a uniform magnetic field of flux density B = 0.50 T perpendicular to
the plane of the paper, as shown below. The resistance of PQ is 0.30€2 and that of the rails is
negligible.

L1
-
-
-

(a) Determine the magnitude of the current induced in the rod when it is moved to the right
with a velocity of 5.0 m/s, and state its direction in the rod PQ.

(b) Determine the magnitude of the applied force required to keep the rod in motion.

(c) Compare the rate at which mechanical work is done by the applied force with the rate of
thermal energy dissipated in the circuit.

Solution. (a) The magnitude of the emf in the loop is ¢ = Blv, so the current is

Blv
I=—=42A.
R

Here, [ = 50 cm, not 60 cm, since the part of the rod outside the loop does not contribute to
the emf. By Lenz’s law, the direction of current should cause a magnetic field that opposites the
change in magnetic flux through the loop. Since the magnetic flux increases into the page, the
induced magnetic field must be out of the page, meaning the current travels anticlockwise, so
the current points from @ to P.

(b) The applied force must balance the force on the rod due to the current travelling through

the magnetic field, so
B B21%v

F=1B =1.0 N.

(¢) By conservation of energy, these quantities should be the same. Computing these quantities,
the rate of mechanical work done is

BQ[QUQ
Prechanical = F'v = R
while the rate of thermal energy dissipated is
B21%y?
Pthermal = IZR = R

which are indeed equal.

Problem 2.2. A rectangular loop of wire with length a, width b, and resistance R is placed
near an infinitely long wire carrying current ¢, as shown in the figure below. The distance from
the long wire to the loop is D. Find

(a) the magnitude of the magnetic flux through the loop, and

(b) the current in the loop as it moves away from the long wire with speed v.

11
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Solution. (a) Integrating over thin strips parallel to the length,

D+b , . .
Hot poia b
o = —ady = In(l+—=).
B /D 2my YT om “(*D)
(b) As it moves away, the magnetic flux decreases, so an emf is induced through the loop with
magnitude

ol _d®s _ poia b dD _ potabu
At 27 D(D+b)dt 27D(D+b)

so the current is )
Lotabv

~ 27D(D+ bR’

Problem 2.3 (SPhO 2013). Two parallel rails with negligible resistance are 10.0 cm apart and
are connected by a 5.00 {2 resistor. The circuit also contains two metal rods having resistances of
10.0Q and 15.02 sliding along the rails (see the figure below). The rods are pulled away from
the resistor at constant speeds of 4.00m/s and 2.00 m/s, respectively. A uniform magnetic field
of magnitude 0.0100 T is applied perpendicular to the plane of the rails. Determine the current
in the 5.00 2 resistor.

q
1
L]
]
4
i

4

Aoxpx o ox ¥ xwlx % % ‘t" x

LI S xl% v x :L: %

E I R L i Y

4.00 m/s <o -5 e 4
A W Bl (SRR, g 200m/s

i i

XoaEw ¥ % oxlx o ox ok i roox
i

R T R

1000 1500

Solution. The motional emf from each rod follows ¢ = Blv, so
Eleft = Blujesy = 4.00 mV Eright = Bluright = 2.00 mV

By Lenz’s law, we can deduce that the emf induced points downwards for the left rod and
upwards for the right rod. Hence, we can reduce this to a circuit as follows:

4-m\/| L 2mV
£

DN 156

12
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Now, we need to solve for the current through the 5.00 €2 resistor in this circuit. Letting the left
and right mesh currents be i1, 72 respectively and applying mesh analysis,

4.00 + 15.0é; — 5.00i2 =0 2.00 —5.00¢; +20.0i2 =0
and solving the simultaneous equations gives
11 = —0.32727 mA 19 = —0.18181 mA
Therefore, the current through the resistor is

I =iy —i; = 0.145 mA.

Problem 2.4 (SPhO 2013). On a smooth and insulating large ring of radius R, there is a
small ring of mass m and carrying charge ¢q. The large ring is placed horizontally and in a
uniform magnetic field of strength By and perpendicular to the ring plane. Starting at ¢t = 0,
the magnetic field is changed to B(t) = By + at. Find the force of the small ring acting on the
big ring afterwards and describe the motion of the small ring.

Solution. The induced emf is B
e=—A=arR?
dt
By symmetry, the induced electric field has the same magnitude along the ring, so by the

definition of the emf,

a:ygE.dlz%RE — E:?

i.e. the tangential velocity of the ring is

qEt  qaRt
V= — = ——

m 2m

The radial forces acting on the ring are the normal force and the magnetic force (directed toward
the centre of the circle). The desired force is the normal force, so equating the net radial force
to the centripetal force,

mu? *aR q2a2Rt2 - PaR

—gwB-N — N-= B, )t — t? + 2Byt
r v o (Potat)t == am (O‘ + °>

Problem 2.5 (SPhL 2023). A circular loop of wire with radius r and resistance R is placed
in a uniform magnetic field B perpendicular to the plane of the loop. The wire is pulled at
opposite ends outwards such that it now forms an ellipse with semi-major axis a. How much
charge () flows through the wire during this process? Approximate the perimeter p of an ellipse

. . . . . . . 2 2
with semi-major axis a and semi-minor axis b as p = 27r\/%.

13
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Solution. The emf induced in the loop is

~ dA
T
so the current in the loop is
;9@ _B5da
dt R dt

Integrating, the total charge that flows through the wire is

B
=—AA
@ R
The length of the wire remains the same, so
2 42
2mr & 21 a—; b~ 2r2—a?

and the change of area is
AA=nr’—mabr 7 (r2 —av2r? — a2)

Therefore, the total charge that flows through the wire is
B
Q~ % (r2 —aV2r? —a2) :

Problem 2.6 (SPhO 2010). A toroid has a major radius R and a minor radius r and it is
tightly wound with N turns of wire, as shown in Figure 6. If R > r, the magnetic field in the
region enclosed by the wire of the torus, of cross-sectional area A = 71?2, is essentially the same
as the magnetic field of a solenoid that has been bent into a large circle of radius R.

(a) Show that the self-inductance of such a toroid is approximately

N*A

L =~ kg

where k and « are constants. State the values of x and «.

The original toroid is now replaced by one with a rectangular cross section. Its inner and outer
radii are a and b, respectively. The cross-section is a rectangle of length b — a and breadth h.

14
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(b) Show that the inductance of the toroid is

— . Iln=
L=~krpo R n

where £’ and 3 are constants, stating the values of x’ and £.

Solution. (a) The magnetic flux through the solenoid is

N puoN2A
by =NBA=N ITA = I
B Ko 2R 2R
so the inductance, by definition, is
2
I_ po N A
2r R

i.e. m:%andazz
T

(b) Applying Ampere’s law, the magnetic field at distance r from the centre is

poNT
2rr

%B -dl=2nrB = pglene = B=

tangential in direction, so the magnetic flux through the toroid is

b 2
o = N/ LONIh dr = HoNZIh In b
o 27 27 a

Therefore, the inductance, by definition, is

S A

I poR N?h . b
2r R a

. /I _ R —
ie. k' = 5> and = 2.

Problem 2.7 (200 PPP). One end of a conducting horizontal track is connected to a capacitor
of capacitance C' charged to voltage V. The inductance of the assembly is negligible. The
system is placed in a uniform vertical magnetic field B, as shown.

S X X X X B X
\:’ ol —
i X[l x X X X
1R
I—IE xglix X X X
— T
m
V0 X X X X X

A frictionless conducting rod of mass m, length ¢, and resistance R is placed perpendicularly
onto the track. The capacitor is charged so that the rod is repelled from the capacitor when the
switch is turned. This arrangement is known as a railgun. Neglect self-inductance throughout
this problem.

(a) What is the maximum velocity of the rod, and what is the maximum possible efficiency?

(b) At the end of this process, the rail is moving to the right. Therefore, by momentum
conservation, something must have experienced a force towards the left. What is it? Answer
this in both the case where the magnetic field is the same everywhere, and when it only overlaps
the rails, as shown above.

15
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Solution. (a) Let I be the downward current in the rod, and let ¢ be the charge on the capacitor.
Note that the current flowing onto the capacitor is ¢ = —I. Kirchhoff’s loop rule gives

%—IR — & = ulB.

Taking the time-derivative and using ¢ = —I and v = (I[{B)/m yields

. 1 ?B?
i = —(@Jr Rm)l

The initial condition is 1(0) = ¢(0)/(RC) = Vy/(R), so

q
I(t) = Jole, exp(—t(% + Z;fj))

Integrating © = I¢/B/m with v(0) = 0 then gives

ql!B -1
o(t) = 5o (5o + Tr) |- ex(—t(zo + Fa))]

‘/E)EBC g2 2
= e (1 — exp(—t(50 + G2))]

Thus the rod asymptotically approaches the maximum speed

. _ _WBC
T o B22C

The efficiency 7 (fraction of initial capacitor energy converted to kinetic) is

%mv?nax m ’B%C? 1 m
77 = = — = N p = —_—
ICVE ~ C (m+B22C2 (4 1/p) V cep?

By the AM—GM inequality the maximum of 7 is 1/4.

(b) This explanation is written by Kevin Zhou. Momentum is conserved in both cases. When
the magnetic field is uniform, it overlaps the left end of the circuit. The current in the rod
implies a return current in the left end, and thus an opposite Lorentz force on it. If the circuit is
held in place, the compensating leftward momentum goes to the Earth; if it isn’t held in place,
the whole circuit recoils to the left.

Now suppose the magnetic field is as shown in the figure, i.e. it doesn’t overlap the left part of
the circuit. (It does overlap the rails, but that doesn’t produce a leftward Lorentz force and so
is irrelevant.) To see how momentum is conserved, we need to remember that in electrostatics
and magnetostatics, forces are ultimately between charges and currents. We get used to using
the Lorentz force law with a given magnetic field, but that magnetic field has to be produced by
some current. That current, in turn, can feel a force due to the magnetic field produced by the
current in the railgun.

If the magnetic field were the same everywhere, then we could place the currents sourcing them
very far away, and thus ignore this effect. (For example, the railgun could be between two
distant, infinite uniform sheets of current.) But if the magnetic field is nonhomogeneous, as it is
in this case, there must be current nearby. For example, the sudden decrease of the magnetic
field shown in the figure above could be achieved by having an infinite sheet of magnetic current,
which is cut perpendicularly by the rails, with surface current density pointing up the page.

Finally, the current through the rail creates a magnetic field at the current sheet that points
into the page. And that implies a Lorentz force to the left, precisely balancing the rightward

16
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Lorentz force on the rail. Momentum is thus conserved; to see explicitly how Newton’s third law
holds up, see example 5.50 of Griffiths.

Incidentally, you might have heard the electromagnetic field can also carry momentum. Because
of this, in general we shouldn’t think of charges and currents interacting with each other, since
their momentum won’t be conserved; Newton’s third law won’t hold in general. Instead, charges
and currents interact with the field, and the field then interacts with other charges and currents.
However, we didn’t need that subtlety for this problem, because there is no electromagnetic
momentum at play.

Problem 2.8 (Kevin Zhou). A square, rigid loop of wire has resistance R, sides of length s,
and negligible mass. Point masses of mass M are attached at each corner. The top edge of the
square loop is mounted so it is horizontal, and the loop may rotate as a frictionless pendulum
about a fixed axis passing through this edge. Initially the pendulum is at rest at § = 0, and
a uniform magnetic field B points horizontally through the loop. The magnetic field is then
quickly rotated to the vertical direction, as shown.

Side view Face-on view

Describe the subsequent evolution.

Solution. When the field is rapidly rotated, the changing flux through the loop from ¢ = 0 to
/2 gives an induced emf
d(Bs?) _ g d(cos ¢)
dt dt
The resulting torque about the suspension axis is
4B2
" sing A0

£=—

T=(IsBy)s=—

Hence the total angular impulse delivered is

g2 rm/2
L:/Tdt:—s / sin? gdg =
R Jo

which imparts an initial angular speed

s*B?
R

1

L

w0) = 572

As the pendulum swings, the continuous flux change gives an effective magnetic drag. Now with
the usual angle 6(t) from horizontal,

d(sin 6 1p? do
8:—332(81711) — T:ISBSCOSG:—S cos?0 —
dt R dt
Writing 7 = Lot 0 with Lot = 2M 5%, the equation of motion becomes
B2t

IMs*H = —2Mgs sinf — cos?6 0

17



FIZIKA SPhO Handouts

In the small-angle limit this reduces to the standard damped pendulum form

.. B2s2\ / g,
0+ (Fir) 0+ 0=0
as discussed in the oscillations handout.

Problem 2.9. Consider a rectangular loop of wire with dimensions a by b. The long side of
the rectangle is parallel to another long straight wire carrying current I, at a distance [ away
from the closest edge of the rectangle. The resistance of the loop is R, and you are to neglect
self-inductance in this problem. Determine the net momentum p imparted to the loop when the
current is switched off.

Solution. Let the infinitely long straight wire carry a current I(t) that is switched off from I to
0. The magnetic field from the long wire at distance 7 is

Bt = 1210

The flux through the rectangular loop (width a in the radial direction, length b parallel to the
wire) is

B(t) = /ll+aB(r,t) bdr — “Ogi(t) m(l +l ).

Faraday’s law gives the induced emf and current in the loop (loop resistance R; self-inductance
neglected):

_d(I)i_Lobln(Ha)dI » 787_Lobl<l+a)df

E=—0 = o e W= =0m™" T ) w

dt’

The net horizontal magnetic force on the loop comes from the two sides parallel to the long wire:

F(t) =i(t)b[B(l,t) — Bl +a,t)] = i(t)b MOQT) (; 1 +1 a) '

Substituting i(t) and integrating over the switch—off gives the impulse (magnitude of the
momentum imparted):

2
1ud] 1. /l+a <1 1> )
= | F)dt==-|=—"—| =1 -—— 1.
b / ®) 2[2#] Rn( l ) I l+a)°

Equivalently,

212
pgb a l+ay o
= 1 1,
P=872R 11+ a) AL

directed toward the long wire (the induced current resists the decrease of flux, producing an
attractive force during switch—off).

Problem 2.10. USAPhO 2023, Problem B1.
Solution. The solutions can be found here.

Problem 2.11. As shown in the figure, two metallic rods of mass m, length [ and resistance
R lie on a set of parallel tracks, which can be thought of as perfectly conducting. A uniform
magnetic field B is directed into the page. Neglect friction, gravity and electromagnetic radiation.
At time t = 0, the rod on the right moves towards the right with an initial velocity vg. The left
rod is free to move. Suppose the rods have an initial separation xg.
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(a) Determine how the velocity v(t) of the rod on the right.

(b) Determine the maximum horizontal separation x;,q,; the two rods will achieve throughout

their motion.

Solution. Let vg and v, be the velocities of the right and left rods. The magnetic flux through

the rectangle between them is ® = Blx, so

dd
E= —a = —BE(UR — UL)

With negligible rail resistance, the loop resistance is 2R, hence

& BY
I'=gpn=—5pr—u1)

Each rod experiences a magnetic force F' = I{B, giving
mog = —I/{B, mvoy, = +1{B
For the relative velocity u = vg — vy,

BZE2 —t/T Rm
o U = u(t) = e , T= g

u =

The center-of-mass speed is constant: Vi, = %(’UR +vr) = vo/2. Therefore

_ Yo —t/T _ Rm
UR(t) = 5(1 +e ), T = 7B2f2
For the separation x, & = u(t), so the total increase is
o Rm
AZpmax = t)dt = =| =55
Tma /0 u(t) vo T T2 0

If the initial separation is z(0) = x¢, then Tmax = o + ATmax.

Problem 2.12 (SPhL 2024). A fixed superconducting cylindrical shell A of radius r = 0.05m
and length [ = 100 m initially has uniform current flowing in its azimuthal direction with total
magnitude I = 500 A. A second superconducting cylindrical shell B of mass m = 2.5 x 107° kg,
radius 5 and length [ initially has no current flowing through it. It is positioned infinitely far

away from shell A, and is allowed to move.

Shell B is launched towards shell A with initial velocity v. The axes of symmetry of the two
cylinders are aligned throughout the subsequent motion of shell B. Determine the velocity v
such that shell B will fill the length of the blank space within shell A exactly, after a long time.

Hint: The magnetic flux through a superconductor is conserved.
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( {T?} """" *‘v_( 2

l

Solution. By Faraday’s Law, a change in magnetic flux through a body induces an electromotive
force (EMF). However, since superconductors have zero resistance, any EMF would imply that an
infinitely large current is produced. Hence, magnetic flux through a superconductor is conserved.

Firstly, let us determine the magnetic flux through the cylindrical shells. Since [ > r, we can
treat the cylindrical shells as infinitely long solenoids with one turn of wire, so the magnetic
field B inside the shell along the axis is given by:

1

B:NOY

Initially, there is no magnetic flux through shell B, whereas there is a magnetic flux through
shell A. In the final state, when shell B fills the length of shell A exactly, there will still be no
magnetic flux through shell B due to the conservation of magnetic flux. This implies that the
final currents flowing through the two shells are equal and opposite. We shall denote this current
as I'.

Since the magnetic flux through shell A is also conserved, we have:

2
ol =7 [ r? — (> I
2

4
I'=_1I
3
The smaller cylinder will slow down as it passes through the larger cylinder as its kinetic energy
is converted to magnetic field energy within the cylinders. The magnetic field energy density u
is given by:
BZ

u=_—
2410

Superconductivity implies that energy is conserved, hence:

1 I)? % /3
—mu? + (o) nril = (1oT) T <r2>l
2 240 240 4

1 5 pol?mr?

—mv° = ————

2 6/

We can finally solve for v to obtain:
pol2mr?
=/ — =1
v il 8m/s
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Problem 2.13. A circular ring of thin copper wire is set rotating rapidly about a vertical
diameter at a point within the Earth’s magnetic field. The Earth’s magnetic field at this point
is B directed at an angle of § below the horizontal; the density of copper is pg and its resistivity
is pe. Calculate how long it will take for the angular velocity of the ring to halve. You may
assume that this time is much longer than the time for one revolution, that the frictional effects
of the supports and air are negligible, and for the purposes of this question you may ignore
self-inductance effects.

Solution. Let the circular ring (radius a; wire cross—section A) rotate with angular velocity w
about a vertical diameter. The component of the Earth’s field perpendicular to the rotation axis
is By = Bcos#@ (since 6 is measured below the horizontal). The flux through the ring of area
Aloop = ma® therefore varies sinusoidally, producing an emf

E(t) == BLAloop w Sin(Qt) y
whose time—average power dissipation in the ring of resistance Rgjec is

<P> _ <82> _ (BJ-AIOOP)2 W2
Relec 2R«elec
The ring’s rotational kinetic energy about a diameter (moment of inertia Ijpecn = %ma2 for a

thin hoop) satisfies

(B Aop)? W2

d 1 2 .
(ilmechw ) - - <P> = Imechww - - 2Relec

dt
Hence w = —w/7 with
o 2@ mech Relec
(BJ_ALloop)2
Using m = pg(2maA) and Reee = pe(2ma)/A, we get Ineen = pama’A and the cross—section A
cancels:
~ 2(para®A)(pc33E) 4 pape
~ (B2%cos?0)(ra?)?  B2cos?f
Therefore by solving this differential equation we get that the angular speed decays exponentially,
w(t) = woe 7, and the halving time is

4 pgpcIn2

t1/2 = Tln2 = 7_82()0320

Problem 2.14. As shown in the figure, two infinitely long uniformly charged thin-walled
cylinders of radii 1 and ro are located coaxially in a vacuum. The mass and charge of the outer
and inner cylinders per unit length are m and +q respectively. The cylinders can rotate freely
around the central axis.
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There is a typo in the diagram, the outer cylinder should have charge —q and inner cylinder +q.
(a) Find the electric field strength E(r) at a distance r from the axis of the cylinders.

(b) Find the magnetic induction B(r) in all space when the cylinders rotate in the same direction
with the same angular velocity w.

(c) Directly above the surface of the inner cylinder (r = r1), a point charge of mass m and
charge @) (the sign matches the sign of ¢) is released from a state of rest. At what w may the
charge reach the outer cylinder (r = r3)?

Now, let the cylinders be initially stationary, and consider a moment applied to the outer cylinder.
After some time, the angular velocity of the outer cylinder reaches (2.

(d) Find the angular velocity of rotation of the inner cylinder.

(e) Find the total angular momentum J per unit length, transmitted to the second cylinder
during spinning by an external moment (excluding the moment of force from the induced
electromagnetic field).

(f) Find the total mechanical angular momentum L of both cylinders per unit length.

Solution. (a) Using Gauss’s law with a cylindrical surface,

0, 0<r<ry,
q
E(r)= r, rm<r<rg,
2meg T
0, T > T9.

(b) A rotating thin charged shell (line charge ) is an azimuthal current sheet Ky = Aw/(27).

For an infinite sheet, B is uniform inside and zero outside. With A\ = +¢ at r; and Ay = —q at
r2,
0, 0<r<ry,
Hoqw
= — Z, 11 <1r<r9,
B(r) o 1 2
0, r>To.

(c) Energy conservation gives

L .9 272 Qq r
- - In—
2m(7’ T ¢ ) 27‘(’60 n?"l
. . 2 QBTQ . . .
Conservation of canonical angular momentum £ = mr°¢ + 5 applies here (to derive this,

write out N2L for angular momentum, and cancel out the time differentials). With initial rest at

B 2
r, L= Q Tl. At r = ry with 7 = 0,
Qq | 2 _ QB (1} — 1)
2meg T 8m r%

Since B? = (uoqw/2m)?, the critical angular speed is

2 _ 167rmr3 In(re/r)
¢ pgeoQq (ry —17)?

22



FIZIKA SPhO Handouts

(d) Let wi(t) and wa(t) be the inner/outer angular speeds, with wy driven from 0 to © by an
external moment while the inner shell is free. The axial field in the annulus depends on the
relative rotation:

B(t) = M(wl — (UQ), B ,u() (w1 — LUQ)

27 27
Faraday’s law gives an azimuthal field Ey(r) = B producing torques
SV (1 — ), T | Hod®r3 (@1 — i)
4 4

With I; = mr?, Iy = mr3 per unit length and no external torque on shell 1,

2,.2
. . . r
Log=7 = (Il + m)wl = K1 W2, K1 = N04q7r L
Integrating from rest to the final state gives
o= Mo fog
I + k1 pog? + 4mm
(e) For a circular loop of radius ra,
dd 9 9
E-d¢ = Ey(27r9) = o & = 7r{ By + nr5Bs.
Hence g
0 .
Es(27ry) = (erBl +7T7‘232> = 5 (ﬁwl r§w2>

With charge per length —gq,

TEM2 = (—¢q) E2m2(27) = Mﬁ (lel 7“5@2)

Integrating from rest [(w1,w2) = (0,0)] to (w1, 2):

2
Hoq
ALEMQ = /TEI\/LQ dt = i (r%wl — T%Q)

The outer shell’s total change is IoQ) = mr3{), so
NOq
Jext = IQQ — ALEM,Q = mrQQ e (T’luﬂ - 7’39)

From the coupled spin-up,
2
R
poq? + 4mm

Substitute into the previous equation and simplify:

e o a5 Hoq’ ]

Joxt = O mr% + I Ty — i r] 10g® + drm

Equivalently, in fully expanded problem constants,

o dm + 2p0q°

Joxt = Qmr; pr—————
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()

Loq? 2

L =0LO+1 =0 2 PO
mech o8+ [wy mry + M0q2 T drm mry

The key insight here is the gain in total mechanical angular momentum is not equal to angular
impulse provided by the external moment. This is because the EM field between the cylinders
carry angular momentum too, which can be calculated using the equation for momentum density
of an EM field p = C% where S is the Poynting Vector. You can then verify that the angular

momenta will add up nicely.
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3 Advanced Problems

Problem 3.1 (SPhL 2024). In the following circuit, a very long solenoidal inductor with
no = 5000m~! turns per unit length is connected to a capacitor in series. The length ¢ and
radius r of the inductor satisfy £ > r, so only the magnetic field inside the inductor needs to be
considered. The initial maximum current in the circuit is Iy = 1.00 A, and the initial period of
oscillations of the current is Tj.

rfo_

At time ¢t = 0, there is no current flowing through the wires. At this instant, the inductor is
pulled on and stretched out, such that the turns per unit length decreases to n; = 2000m .
This process is done in time ¢,. Find the new maximum electric current I in the circuit if:

(a) ty, K Th.
(b) t, > Tp.

You may assume the turns remain equally spaced apart throughout this process. Leave your
answer to 3 significant figures in units of A.

Solution. (a) The magnetic field inside a solenoid with n turns is
B = ponl

where [ is the current passing through the solenoid. If we let N be the total number of turns of
the solenoid, the electromotive force (EMF) £ induced as the flux ® through the solenoid varies
over time is given by:

de
=

dB dl
—N(nr?)—=— = —mponNr?—

€= dt dt

From the definition of inductance L = & %, the inductance of the solenoid is hence:

L = muonNr?

The energy stored in an inductor is given by F = %L[ 2. At time t = 0, there is no current
flowing through the circuit. Since the time taken to stretch out the solenoid t,, < T, the current
remains at approximately zero throughout the process. The instantaneous work done on the
inductor is given by dW = LI dI, and dI =~ 0 for this process, so there is effectively no work
done on the inductor.

We can then apply conservation of the total energy of the L.C circuit to obtain:

1 1 Lo
S} =Ly = I =71
9 141 2 040 1 Ll 0
[T pono N2 70
L= ————=Iy=/—1
! T oni Nr2 0 V n1 0
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Numerically:
5000
Iy =/——1Ip ~ 1.581
"~ V2000 0

(b) As the inductance varies slowly, we can no longer approximate that no work is done on
the inductor and apply conservation of energy. Instead, we will conserve another quantity, the
adiabatic invariant of the system.

When oscillations have periods much less than the time scale at which the parameters of the
system are changing, the adiabatic invariant can be regarded as constant. The adiabatic invariant
I is the area enclosed by the closed contour traced by the trajectory of the system on the phase
diagram. For a mechanical harmonic oscillator, the axes of the phase diagram are the momentum

Py = m%f and spatial coordinate x, and the area traced out is an ellipse.

For an LC circuit, the analogous axes are LI and @ respectively (Q is the charge stored in the
capacitor). The semi-major and semi-minor axes lengths are the amplitude of oscillation in these
two axes, LI, and Q),,. The area of the ellipse I is given by:

7l

I =7nQnLI, = TLIm = W\/5L3/2172n

Since this quantity is conserved, we have:
L 3/4 3/4
LPR=1r = n=I (0) =1 (”0)

Numerically:

5000 3/4
IL=(>—) I,~199A
! <2000> 0~ 1.99

Here, we avoid using the variable ¢ (the length of the solenoid) since it changes during the pulling
process, which makes calculations more annoying. In contrast, the variable N always fixed.

Alternative Solution to (b): Let the current in the system be I = I,,, sin(wt) at time ¢, where
I, is the maximum current and w is the angular frequency of oscillations at that point in time.
The instantaneous energy stored in the inductor is %L[ 250 the average energy stored in the

inductor over a period T = %’r is

(B) = S,

where (I?) is the average value of I2 over a period. As this energy changes, we have:

d(E) = <IL dl + %P dL> (1)

We can then write Kirchhoff’s Voltage Law for the circuit, taking into account that the inductance
is varying in time:

ol g =0
1(Q

I =—(=dt—1dL

=d L(Cdt d)

Substituting this into equation (1):
Qr . 1., > 1, ., 1
E)y=(-I?dL— “-dt + -I*dL ) = —=(I*)dL — = (QI
d(E) < AL~ it + 517 SP)L — (@Dt
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Since T' < t,,, we can take a time average of I 2 over a period to obtain:

(1) = B sin’ () = 515,

Similarly, since Q = Q,, cos(wt), we have:
(QI) = QI (sin(wt) cos(wt)) =0

Therefore, we have:

1
d(E) = —ZI% dL

Dividing this by the total energy of the system E = %L[En, we have:

d(E)  1dL

E 2L

At this point we may remove the angled brackets as our time scale shifts from 7p to ¢,. Integrating
on both sides, we obtain a conserved quantity:

LY?E = const, or L3/21% = const.

This gives the same result obtained in our previous solution.

Problem 3.2 (IZhO 2015, modified). The magnetic field generated by a uniformly magnetised
ferromagnetic cylinder (a permanent magnet) is equivalent, at very large distances, to the field
produced by a circular coil with constant electric current. The cylindrical magnet, as well as the
coil with the current, are characterised by the magnetic moment p,,, which is defined for the
current loop pm = IS, where [ is the current and S is the area. This source of magnetic field is
known as a magnetic dipole.

S -
pﬂl
G o

(i) Show that the magnetic field, B,, on the axis of the dipole is determined at large distances
2> +/S from the centre is given by the formula

Pm
B, =b—
z 2B
where b and S are constants to be determined.

(ii) Let the coil with current such that it has magnetic moment py, be influenced by an inhomo-
geneous axially symmetric field, in which the magnitude along the z-axis only depends on
the value of z.

—

F -
\// pm

—
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Show that the force acting on the dipole is given by

dB,
Fz - —ng
(iii) A cylindrical magnet of mass m and magnetic moment py, is attached to a spring of spring
constant k, such that it can oscillate along the horizontal axis which is directed along the
magnetic moment. At some distance z from the equilibrium position of the magnet, a small
metal disk is placed such that its axis coincides with the axis of the magnet. The disk has radius
R and thickness h (h < R < z), and the electrical resistivity of the disk is p. Assume the set-up
is placed in a vacuum, so that g = pg. The magnet is moved from the equilibrium position and
starts performing small oscillations from equilibrium, described by x (), where 2 < z. Find the
force F'(x,v) exerted by the disk on the magnet as a function of its coordinate = and velocity
v. Hence write down the equation of motion for the magnet, and find the angular frequency of
small oscillations. Ignore gravity.

(iv) Verify that the loss in mechanical energy of the magnet is equal to the amount of heat
released in the disk for the same time period.

Solution. (i) This should be very simple. Recall that the magnetic field along the axis of a
current loop of radius a is
pola?

PO et a)t

Taking the limit z > VS , we have

_ pola? _ polma® _ Hopm
223 223 223

B(2)
Hence, the desired values are b = ’2‘—2 and 8 = 3.

(ii) The trick here is to use Gauss’ Law for magnetism, with a small Gaussian cylinder whose
axis coincides with the symmetry axis.

Since the surface is small, the magnetic field across the entire flat surfaces and across the entire
curved surface can be treated as uniform. Hence, equating the net flux (being careful with signs)
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to 0,
@B dA=0 = B,(z+d2)7r® - B,(2)nr’ 4+ (B;) (27rdz) =0

r (Bz(z+dz)—Bz(z)) rdB,

B, = —— _r
= 2 dz 2 dz

Notice that the force acting on the ring is only due to the component B;. Hence, it is

rdB,
F,=1B, (2 =-I(=
(277) (2 dz

dB,

) (27r) = “PmT

(iii) This is the hard part. Let’s start by breaking down the problem qualitatively.

When the magnet moves, the magnetic flux through the disk changes. This gives rise to
an induced emf, and hence an induced current in the disk (eddy currents). The eddy currents
are associated with the induced non-conservative electric field. Altogether, the induced currents
form a total induced magnetic dipole moment of the disk, which leads to a force on the magnet.

With this, let’s consider a thin ring (on the disk) with radius r and radial thickness dr.

7
dr
By the integral form of Faraday’s Law,
dogp 5dB, rdB,
E-d=—-— = 2mrE=-— = F=__
75 dt ™ T 2 dt

_ I (30 pm dr) o Buorpmo
2\ 21 (2 — w)4 dt dmz4

where we have used the approximation z < z in the last equality.

The current density is given by

-_E _ 3porpmv
)= p  dmpzt
The current in the thin ring is given by dI = jdA = jhdr. Hence, the magnetic moment

produced by the ring is

B 3popmhuors dr

dpl, = 7r?dl = nr?jhdr = )
4pz

Hence, the total induced magnetic moment of the disk is

who [ mh R
pin=/dp' _ _3hop v/ 3 dp — _ SHoPmh I
0 16pZ4
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To calculate the force acting on the magnet, we shall use the result found in part (ii):

dB, d (uol&) _ BpopmpPly _ ugpmhRlv

&= P \(2ne8 2mzt 32mpz8

This force is restoring, hence the equation of motion is

opipmh R

3272 = —kx — bt

mi = —kx —

9uZpZ hR*

where b = 39 pz8

This takes on the form of a damped harmonic oscillator. Hence, the angular frequency is

b 2
o=~ (5n)

(iv) The power dissipated by the magnetic force is

Ipgpmh R v?

P=Fv=—
32mpz8

We can evaluate the power dissipated from the current flow through integrating the current
density through the volume of the disk:

3M0me> Ipgpmh R v?
P = d 2wrhdr —_
/pj V= / ( 4mpz8 (2mrhdr) = 32mpz8

Adding them up gives 0, proving energy is conserved, as desired.
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